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Abstract 
The aim of this paper is to study the obstacle problem associated with an elliptic operator having degenerate coercivity, and with a low 


order term and L'—data. We prove the existence of an entropy solution to the obstacle problem and show its continuous dependence on the 
L*—data in W'’7(Q) with some q > 1. 
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1 Introduction 
1.1 Problem setting and main result 


Let Q be a bounded domain in RY (N > 2), 1 < p < +00 and 0 > 0. Given functions g, Y € W1?(Q) N L®(Q) and data 
f € L! (Q), the aim of this paper is to study the obstacle problem for nonlinear non-coercive elliptic equations with lower order 
term, governed by the operator 


Aap te N 
(1+ Jul)? P- 


T + blul”~2u, (1) 


where b > 0 is a constant, and a : Q x RY — RN is a Carathéodory function, satisfying the following conditions: 


a(a,£)-€ > al€|?, (2) 
Ja(a, €)| < BG (a) + EPT), (3) 
(a(z,£) — a(x, n))(E— n) > 0, (4) 
Calar ifl<p<2 
,£)—a(z,0)| < , (5) 
a ea 


for almost every x in Q, and for every €,7,¢ in RY with € 4 n, where a,,y > 0 are constants, and j is a nonnegative 
function in L” (Q). 


If f has a fine regularity, i.e., f € w-ir (Q), the obstacle problem corresponding to (f,Y, g) can be formulated in terms of 
the inequality 


a(x, Vu) r—2 oo 
f 4 lue- -V(u ojast folul u(u — v)dz < Ki W € Kay ON L (Q), (6) 


Email address: znengjun@swjtu.edu.cn (Jun Zheng). 


Preprint submitted to 3 September 2018 


whenever 1 < r < pand the convex subset 
Kgy = {v E W? (Q); v— g € Wè? (Q), v > y, ae. in Q} 


is nonempty. However, if f € L (Q), (6) is not well-defined, and following [1,3,6] etc., we are led to the more general definition 
of a solution to the obstacle problem, using the truncation function 


T;(t) = max{—s,min{s,t}}, s,t ER. 


Definition 1 An entropy solution of the obstacle problem associated corresponding to operator A and functions (f,,g) with 
f € L} (Q) is a measurable function u such that u > w a.e. in Q, nre € (LH(Q)Y, Jul"-? € L1(Q), and, for every 
s > 0, T.(u) — Ts(g) € Wo’? (Q) and 


a(x, Vu) 3 = r—2 _ pi o0 
Eoo V(T,(u var + | vlu uT, (u ode < | ru v)dz, Vu € Kgy N L” (Q). (7) 


Observe that no global integrability condition is required on u nor on its gradient in the definition. As pointed out in [3,9], 
if T.(u) € W*(Q) for all s > 0, then there exists a unique measurable vector field U : Q — RY such that V(T,(u)) = 
X{Jul<s}U a.e. in Q, s > 0, which, in fact, coincides with the standard distributional gradient of Vu whenever u € WEO). 


Before stating the main result, we make some basic assumptions throughout this paper, i.e., without special statements, we 
always assume that 


1 N 1 p-r 
2-—<p<N,1<r<p,0<0<mi r „b > 0, 
mre ee min {5 p—l = 


and Y, g € WEP(Q) N L®(Q) with (Y — g)+ € WẸ? (O) such that Ky, 4 Ø. The following theorem is the main result 
obtained in this paper. 


Theorem 1 Let f € L! (Q). Then there exists at least one entropy solution u of the obstacle problem associated with ( f, h, g). 
In addition, u depends continuously on f, i.e., if fn — f in L! (Q) and un is a solution to the obstacle problem associated with 


(fn, Y, g), then 


N(r—1) N(p—1)(1—90) i 2N-1 < r< 
Un > win W14(Q),Vq € (etn NE a1) i N-1 > l a ; (8) 
(1, NTG D) if 1 < r < min =, P} 


1.2 Some comments and remarks 


Consider the Dirichlet boundary value problem having a form 


. Vu P? Vu : 
div epee + bu = f, in Q, (0) 


u=0, on OQ, 


with p > 1,0 € (0,1],b > 0, f € L+(Q). The item a is not coercive if u is very large. Due to this, the classical 


methods used to prove the existence of a solution for elliptic equations, i.e., [15], cannot be applied even if b = 0 and the data 
p—2 

f is regular. Moreover, Cuper 

employing the duality argument [18] or nonlinear monotone operator theory [19] directly. 


and u and f are only in L! (Q), not in W7}? (Q). All these characteristics prevent us 


To overcome these difficulties, cutting the noncoercivity term and using the technique of approximation, a pseudomonotone 
and coercive differential operator on Wo P(Q) can be applied to establish a priori estimates on approximating solutions. As 


a result, existence of solutions, or entropy solutions, can be obtained by taking limitation for f € L™(Q),m > land b > 0 
due to the almost everywhere convergence for the gradients of the approximating solutions, see e.g., [4,7,10-12,16] ( see also 
[1,2,8,13,14,17] for b = 0). 


Motivated by the study on the non-coercive elliptic equations (9), we consider in this paper the obstacle problem governed by 
(1) and functions (f, Y, g) with f € L! (Q). We prove the existence of an entropy solution and show its continuous dependence 
on the L1—data in W!4(Q) with some q € (1, p). 


In the following, we give some remarks on our main result and inequalities that will be needed in the proofs. Some notations 
are provided in the end of this subsection. 


Remark 1 (i) 0 < 6 < min { 3S eis e} =>r—1 < (1—8)(p—-1)< fae ae Therefore Theorem I guarantees 


juj} € L1(Q), and the second integration in (T) makes sense. 


(ii) We will show that y € (L1(Q))% in Proposition 4. Therefore, the first integration in (T) makes sense. 


Fe N(r—1) N(p—1)(1-6) N(p—1)(1-8) 2N— à p-r , p(r—1) N(p—1)(1-0) — N(r—1) 
(ii) cae ye) = (1. N S O(p— 2) ae if Noi ST <p Indeed, 0 ee p-1 ' N@=) N=1=0(p=1) NFP 
( 


while 72 = < r gives Aln D > 1, Thus un > u in Wh 1(Q) forallq (1, qe). 


(iii) r—1 < R Indeed, A <r < 2N, there holds r — 1 < wo < N- wt for any q > 1, particularly, for 


qée(1, ae For r > PF, it suffices to note that q > aie ea ee 


(iv) q < p. Indeed, 0 <0 < Wot a < 7 = > wee = n SP 


Remark 2 Checking proofs of this paper, one may find that, for b = 0, (8) holds with 


N(p—1)\(1—90 
Un > u in W™1(Q), Yq (i Ha 2) (10) 


Indeed, it suffices to set r = 1 in the proofs. 
Notations 


llullp = ||ul] zea) is the norm of L” (Q), where 1 < p < œ. ||ul|1,p = ||ul]w2.»(qy is the norm of W+? (9), where 1 < p < ov. 
p= pai with 1 < p < œœ. ut = max{u, 0}, u- = (—u)*, if u is a real-valued function. C is a constant, which may be 
different from each other. {u > s} = {x € Q;u(x) > s}. {u < s} = Q \ {u > s}. {u < s} = {x E€ Q;u(x) < s}. 
{u > s} I o s}. {u = s} = {x € Q; u(x) = s}. {t < u < s} = {u > t}N {u < s}. LY is the Lebesgue measure of 
RY. |E| = £ (E) for a measurable set E. 


2 Lemmas on entropy solutions 


It is worthy to note that, for any smooth function fn, there exists at least one solution to the obstacle problem (6). Indeed, one 
can proceed exactly as in [1,12] to obtain W t+? —solutions due to the assumptions (2)-(4) on a and r — 1 < p. These solutions, 
in particular, are also entropy solutions. In this section we establish several auxiliary results on convergence of sequences of 
entropy solutions when fan > f in L} (Q). 


Lemma 2 Let vo € Kg y O L® (Q), and let u be an entropy solution of the obstacle problem associated with (f, ), g). Then, 
we have 


|Vu]? 
a dr < C(1 +t"), Yt > 0, 
faa (1+ [uh e- 


where C is a positive constant depending only on a, B, p,r,b, |\j|lp, || Voll ps Ilvolloo; and || f lla- 


Proof Take vo as a test function in (7). For t large enough such that t — ||vo||o. > 0, we get 


a(x, Vu): Vu J a(x, Vu) - Vuo Í E 
aont S igan dt + | (f lel u)T:(u — vo)dz. (11) 
— (1 + juj)? œ- Hw- (1 + juj) e- F t 


We estimate each integration in the right-hand side of (11). It follows from (3) and Young’s inequality with £ > 0 that 


f a(z, Vu) : Vvo 4 f (al + [VulP™") -|Veol a 
{|vo—ul|<t} (1 az u|) P=) E {|vo—ul|<t} (1 = ju) e=) 
iP’ + |WulP Cle) |u|? 
cf UR Aa f BC) Vo? gy 
{vo—ul<ty (1 + Jul)? {lvo—ul<e} (1 + Jul)?” 
ce fp ade + Ol + Veo. a2 
{|vo—u|<t} (1 + ||) p 
-f buj" ?uT;(u — vo)dz = — f blul” uT, (u — vo )da — | blu|"~?uT(u — vo)dz. (13) 
2 {|u-vo]<t} {|u—vo|>t} 
Note that on the set {|u — vo| < t}, 
lel" Pu Ti (u — vo)| < tlt + [loollool” > < CU +t”), (14) 


where C is a constant depending only on r, ||vo||oo- 
On the set {|u — vo| > t}, we have |u| > t — ||vollo0 > 0, thus u and T;(u — vo) have the same sign. It fllows 


-f blul”~uT;(u — vo)dz < 0. (15) 
{|u—vo|>t} 


Combining (13)-(15), we get 


-f buj" uT, (u — vo)dz < C(1 + t"). (16) 
Q 


[Vu]? p 
mgo t SC (llalle + IMeollp + tlf + 1+ 2”) 

— (1+ |ul)@e-v) i j 

<C(1 +t). (17) 

Replacing t with t + ||vo||oo in (17) and noting that {|u| < t} C {vo — ul] < t+ ||volloo }, one may obtain the desired result. 
In the rest of this section, let {un } be a sequence of entropy solutions of the obstacle problem associated with (fn, Y, g) and 
assume that 

fn > f in (Q) and ||falla < [fla +1. 
Lemma 3 There exists a measurable function u such that un — u in measure, and Ty (un) — Tp (u) weakly in W'?(Q) for 
any k > 0. Thus Tg(un) + Tp (u) strongly in L? (Q) and ae. in Q. 


Proof Let s,¢ and £ be positive numbers. One may verify that for every m,n > 1, 


LN ({lUn — uml > 5}) SL” {lun > th) + £” Alum] > th) +L” ({|Ti(un) — Tk(um)| > 8}), (18) 


and 
1 1 
LY ({lun| > t}) = Pdr < — | |Ti(un)| Pdz. (19) 
{lun|>t} P Jo 
Due to vo = g + (Y — g)* € K; N L” (Q), by Lemma 2, one has 


f |VTi(un)|?da = Í |Vun| Pde < C(1 4+ t)°®-Y(1 +t"). (20) 
Q {lun|<t} 


Note that T;(un) — T:(g) € WẸ? (Q). By (19), (20) and Poincaré’s inequality, for every t > ||g||. and for some positive 
constant C independent of n and t, there holds 


L” ({|un| > t}) < a ff \Filun) Paz 
P 
= te [tite (Un) — Tilg ) 
oh |\VT:(un) — VT(g) 


<a 17 Ti(un) Par + Fal 


r+0(p—1) 
Cll +t ) 
=p 


Since 0 < 0 < =e there exists t- > 0 such that 


"({lunl >t} < $, Vt>te, Yn>1. 21) 


Now we have as in (19) 


1 
NAIT (un) — Ti. (um)| > s}) = sdr < =| ITt. (un) — Tr, (Um) Pdz. (22) 
)l>s} S Jo 


sP fa (un)—Tte (Um 


Using (20) and the fact that T, (un) —T:(g) € Wo’? (Q) again, we see that {T;, (un)} is a bounded sequence in W!?(Q). Thus, 
up to a subsequence, {T;. (un) } converges strongly in L?” (Q). Taking into account (22), there exists no = No(te,s) > 1 such 
that 


NAIT, (un) — Tr. (Um)| > 8}) < $, Vn,m > no. (23) 


Ze 
3° 
Combining (18), (21) and (23), we obtain 

N ({|un — Um| > s})<e, Vn,m> no. 


Hence {un } is a Cauchy sequence in measure, and therefore there exists a measurable function u such that un — u in measure. 
The remainder of the lemma is a consequence of the fact that {Tẹ (un )} is a bounded sequence in W1:?(Q). E 


Proposition 4 There exists a subsequence of {un } and a measurable function u such that for each q given in (8), we have 
Un —> u strongly inW*4(Q). 


If moreover 0 < 0 < min{ yp: WO D 


= }, then 


a(x, Vun) : a(x, Vu) 
T+ [nhe D 7? T+ fured 


strongly in (L'(Q))%. 


To prove Proposition 4, we need two preliminary lemmas. 
Lemma 5 There exists a subsequence of {un } and a measurable function u such that for each q given in (8), we have un — 


u weakly in W*:4(Q), and un — u strongly in L4(Q). 


Proof Let k > 0 andn > 1. Define Dy = {|un| < k} and By = {k < |un| < k+1}. Using Lemma 2 with vp = g+ (Y— g9)", 
we get 


[Vun]? r 
1 (1 + [aig OP i = go i i ) gi 


where C is a positive constant depending only on a, 8, b, p, r, llill Ifl ||Vvollp, and ||vo|] oo. 


Using the function Tk (un ) for k > {||g|loo; ||W||o0 }, as a test function for the problem associated with (fn, Y, g), we obtain 


| a(x, Vun): V(Ti (un — Th (tn))) 
Q 


r—2 
(1+ uhe dz + blun| “UnTi (un — Tk(un))dz < f Tun — Tk (un) )dz, 


which and (2) give 


f ate f blu [Pun Ti (tn — A EEES 
A (1+ [un C-D A n nt1\ Un k\Un = ni1 > 1 : 


Note that on the set {Jun| > k +1}, un and T; (un — Tk (un)) have the same sign. Then 


|etn |” UnT: (Un — T;,(un))dax +f jun P unTi (un — Tk (un) )dx 
Bk 


[ ttn |” ~2etn Tr (un — Ti(tin)) dx =| 


Dk 


wed +f unl” Pen Ti (un — Tk (tn) dx 
{lun |>k+1} 


> | [un unTi (tn — Te (tn) der. 
By 
Thus we have 
alVun|? -2 

( dz+ < +1— blun|"  UnTı (tn — Tg (un) da 
c f oett Sif +1— f bun unT (un ~ Talun) 

<|lfla+ 1+ / blun "dz 

Bpk 
oo 
<o(1+( f hnas)” B), 25) 
Bk 


where q is given in (8) and q* = ere 


Let s = oe Note that q < p and 


acg < q*. For Vk > 0, we estimate Se. |\Vun|%da as follows 


V nli 
[i enttar = fel A+ tae 
Br Br (1 + |un|)* 
[Vun]? ? 
< — d 
<(f (1+ fun) eD 


|Vun|? pra i. 2s P 
<C — d B| ? n|P-ad 
< (J (1 + Jun, |)8@-D = |Br| ate . jun] £ 


201809.00116v1 


chinaXiv 


s 
EJ 


<c( f e a) (18 | + f |u lar) |B pe) 
5 Uae, (TF fun) - A r 

=g p—4 s * = * PL 

<¢ (Bul + |B, >” 7 (J lun |? ar) +B f lun |4 ar) 
Br By 

” P2 

+B f un |t ar) ) by (25) 

Br 


=¢ (1847 + 1B; oe 1 unl" a) 
Br 


where pı = a , P2 = T + p = C and C% are positive constants to be chosen later. 
Note that 6 < = it follows 


0(p— 1 —1 —1 1 1 1 
O ea es 
Pp P P N q q 
Thus 
Oq(p — 1 -1 -1 1- 
alp ) a Dt ceil ee gj T lajar ap = es 
p p q p q ¢+1 q 
Note that pı < po < 1. Then for i = 1, 2, we always have 
l-pi_ q 
i << 
From this, we may find positive C;(¢ = 1, 2) such that 
1— pi i 
pit — Č <pi+0Qi< L <1, i=1,2 26) 
It follows 
OE oa Ci < Cig", i=1,2 
i ~ Pi Vi iq, t= 1,4, 
q* +1 . a 
which implies 
Cig” : 
Crag = ——— > 1, i= 1,2, 27 
oS ipg a 


with a; = =a > 1, i= 1,2. Let 8; = =o, > l,i = 1,2. Then we have + + 3 = 1(i = 1,2). 
Since |Bz| < r Se, lun| dz, |Bp| 17270: < |Q]! -0:1 and |B|! -P2702 < |Q|1-P2-C2, we have for k > ko > 1 


C . at C . pı+Cı C : p2+C2 
| |Vun|1dx < — <J |r|? ar) + ar ( | \tn|% ar) + aa | |r|? ar) : 
Br pel- i) By kta JB, ke2 JB, 


Pp q 


Summing up from k = ko to k = K and using Hölder’s inequality, one has 


K K 1 a K 2-a 
5 | \Vun|2da <c( 5 -= ; o | lunli az) 
k=ko ” Be kko K P aa k=ko ” Pk 
K + K Bılpı +01) + 
1 “1 * By 
T c( > aa) : ( (| Un z ar) ) 
k=ko k=ko `Y Be 
K ae B2(p2+C2)\ a 
1 o2 * B2 
re(E prem) (Cf, moter) ) 
k=ko k=ko `Y Be 
2 1 K pza 
= ( > S i >. f [un] ar) 
kaky RP Taria k=ko ” Bk 
K 1 E K : pı+Cı 
+e( rem] ( 3 | lun? ar) 
k=ko k=ko ” Be 
K 1 oa K . p2tC2 
+e( ao) ( x | Jun]? ar) (28) 
k=ko k=ko ” Be 
Note that 
E K 
pag f |Vun|1dx = f |Virn [ide + X` | |Vun|1dz. (29) 
: = {lun|<K } Dko k=ko Br 


a 5 To estimate the first integral in the right-hand side of (29), we compute by using Hölder’s inequality and (24), obtaining 
CO Vun)? 4 
—_ D D (1 al |un|) (p=1) D 


ko 
where C depending only on a, £, b, p, 8, ll llo Il fla, | Vvollp; [vollo and ko. 


peog 


(1+ unl) ear 
ko 


<C, (30) 


ko 


K K 
l Note that X` AE and ` EN converge due to the fact that q* (#74 — =) > 1 and q*Cia; > 1 by (27), 
= kahy k CP A hy 
œ= respectively. Combining (28)-(30), we get for ko large enough 
7 a P pı+Cı 
| |\Vun|%dax <c+c( f TAK ar) +e( f Jun]? az) 
{lun| SK} {lun| SK} {lun| SK} 
: p2+C2 
+ c( | [un] ar) ’ (31) 
{lun|<K} 


Since p > q, Tg (un) € W41(9), Tg (g) = g E€ W'4(Q) for K > |\g||o. Hence Tx (un) — g € Wo’4(). Using the Sobolev 
embedding W3’ (Q) C L1 (Q) and Poincaré inequality, we obtain 


g S27 (|Tx (un) — glg + lalla) 


<C(|V (Tx (un) — 9) + llallge) 
SC (IVT (un) + Ygl + Ilo 


|Tr (Un) 


q 
a) 


<C (1 + | IVu,|"ar) : (32) 
{|un|< i} 


Using the fact that 


fund des f [Teln de < Telg (33) 
{lun|<K} {lun|<K} 
we obtain from (31)-(32), 
v pa (pitC1) Č 
f |Vun|1dx <C + e(1 +f Vunlae) + c(|: +f untae) 
{lun|<K} {lun|<K} {lun|<K} 
(p2+C2) Č 
+C (1 + | IVun|ta . (34) 
{lun|<K} 


Note that p < N & £ a < Land (p;+C;) E < 1 by (26). It follows from (34) that for ko large enough, Siju I<K} |Vun|dx 
is bounded independently of n and K. Using (32) and (33), we deduce that f. (unl < K} lün (dz is also bounded independently 


of n and K. Letting K — oo, we deduce that ||Vun ||q and ||un||q* are uniformly bounded independently of n. Particularly, 
Un is bounded in W1:4(Q). Therefore, there exists a subsequence of {un } and a function v € W1:4(Q) such that un —> v 
weakly in W14(Q), un — v strongly in L4 (Q) and a.e. in Q. By Lemma 3, up — u in measure in Q, we conclude that u = v 
and u € W14(Q). E 


Lemma 6 There exists a subsequence of {un } and a measurable function u such that Vun converges almost everywhere in Q 
to Vu. 


Proof The proof is quite similar to Theorem 4.1 in [1], which can be also found in [5]. Here we sketch only the main steps due 


to slight modifications. For rə > 1, let A = a < 1, where q is the same as in Lemma 5. Define A(x, u, £) = ae 


(for the sake of simplicity, we omit the dependence of A(x, u, £) on x) and 
I(n) = i ((A(un, Vun) — A(un, Vu)) - V(un — u))*da. 
Q 
We fix k > 0 and split the integral in [(n) on the sets {|u| > k} and {|u| < k}, obtaining 
n(n k)= f ((A(un, Vein) — A(un, Vu)) - V (un — u))*dz, 
{lul>k} 
and 
baie i ((A(un, Vtin) — A(un, Vu)) - V (un — u))*da. 
{lul <k} 
For I(n, k), one has 
Ia(n, k) < Is(n,k) = | (An (tin; Vein) — An (tin, VTe(u))) « V (un — Te(u)))*da. 
Q 
Fix h > 0 and split J3(n, k) on the sets {|un — Ty (u)| > h} and {|u, — Tk(u)| < h}, obtaining 
I4(n,k,h) = f ((An (Un, Vun) — An (un, VTk(u))) -V (un — Ty(u)))*dx, 
{lun =T, (u)|>h} 
and 


Is(n, k, h) a ((An(Un, Vun) — An (un, VTg(u))) - V (un — Tk (u))) de 
{lun—Tr(u)|<h} 


= f (An (a Vun) — An(un, VTx(u))) - VThn(un — Te(u)))*da 


à 
<|Q|17A ( f (Antun Vun) — An(tn, VTk(u))) - VTi (un — T(w)ae) 
=|9] 17A (Ie(n, k, h))*. 


For Ig (n, k, h), it can be split as the difference I7(n, k, h) — Is (n, k, h) 
where 


I7(n,k,h) = | A(tn, Vun): VTh (un — Tk (u) )dz, 
Q 


and 
Ig(n,k,h) = f A(un, VTk(u)) - VThr (un — Tk (u) )dz. 


Note that |Vu,,| is bounded in £4(Q) and Apr2 = q. Thanks to Lemma 3 and Lemma 5, one may get in the same way as 
Theorem 4.1 in [1] that 


lim lim sup 1 (n, k) = 0, lim lim sup lim sup J4 (n, k, h) = 0, lim Ig(n,k,h) = 0. 
> n—0o 


k> n—-00 CO k=>œ n> 


For Iz(n, k, h), let k > max{||glloo; Ylloo} and n > h +k. Take Tg (u) as a test function for (7), obtaining 
I7(n,k,h) < / fnTh(un — Tr (u))da +f bjun|  unTnlun — Th, (u))dz. 
Q Q 


Note that r — 1 < q“, and Jo un |? da is uniformly bounded (see the proof of Lemma 5), thus |u,,| converges strongly in 
L! (Q). Therefore we have 


n— o0 


lim | |ttn |” 2 Th (un — Te (u))da = | Ju] uT, (u — Ty (u))dz. 
Q Q 


Then using the strong convergence of f, in L! (Q), one has 


lim Iz(n,k,h) < I —fTn(u — Tpk (u) )dx +f blul” UT), (u — Ty (u))dz. 
n co Q Q 
It follows 


lim lim I7(n,k,h) < 0. 


k= n> oo 


Putting together all the limitations and noting that J (n) > 0, we have 


tim, I(n) =0. 
The same arguments as [1] give that, up to subsequence, Vun (x) > Vu(a) a.e.. E 


Proof of Proposition 4 We shall prove that Vun converges strongly to Vun in L4 (Q) for each q, being given by (8). To do 


that,we will apply Vitalli’s Theorem, using the fact that by Lemma 5, Vun is bounded in L9 (Q) for each q given by (8). So let 


s € (q, so and E C Q bea measurable set. Then, we have by Hölder’s inequality. 


i |Vun|4da < (| IVun|"de) | B= < CIE 
E E 


s-a 


= +0 


10 


uniformly in n, as |E| — 0. From this and Lemma 6, we deduce that Vun converges strongly to Vu in £9(Q). 


N 1 
I? N-1” p-1 


Now assume that 0 < 0 < min{x = 
convergence 


; Pit Note that since Vun converges to Vu a.e. in Q, to prove the 


a(x, Vun) a(az, Vu 


) i atl 
T+ fun OD H+ furen OEY in (E (O))", 


it suffices, thanks to Vitallis Theorem, to show that for every measurable subset E C Q, f 5 aevo |dz converges to 0 
uniformly in n, as |E| — 0. Note that p — 1 < ee) by assumptions. For any q € (p — 1, qe )), we deduce 


by Hélder’s inequality 


a(x, Vun) 
g | (1+ |un|)8e-Y) 


dg <e f (j + |Vun|?~*)da 
E 


q= nit 


f 1 E 
<Blilv lEI +8( f untae)” E| 


—>0 uniformly inn as |E| —> 0. 


Lemma 7 There exists a subsequence of {un } such that for all k > 0 


alx, VTelun)) ala, VTe(u)) 
(1+ |Tklun) PD (1+ Tku) -9 


strongly in (L! (Q))™. 


Proof Let k be a positive number. It is well known that if a sequence of measurable functions {un } with uniformly bound- 
edness in L°(Q)(s > 1) converges in measure to u, then, un converges strongly to u in L! (Q). First note that the sequence 


{teen} is bounded in L” (Q). Indeed, we have by (3) and Lemma 2, 


az, VTi (tn) we ni 
VG 
<pllille + 6 i E 


<C. 
Next, it suffices to show that there exists a subsequence of {up } such that 


a(x, VTk(un)) a(x, VTk(u)) 


(F [Te (tin) D 7 A$ Tlu) D I mease. 


Note that un, u € wt4(Q), where q is the same as in Proposition 4. The a.e. convergence of wu, to u and the fact that 
Vun — Vu in measure imply that 


VTx(tn) —> VT,(u) in measure. 


Let s, t be positive numbers and write V 4u = Define 


a(z,Vu) 
tlu) P-D: 


En = {|V AT (un) — VATk(u)| > s}, 
E; = {|VTk(un)| > t}, 
E? = {|VT;(u)| > t}, 
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En = En N {|VTk(un)| < t} N {|VTe(u)| < th. 


Note that En C E} UE? UE? for each n > 1. Using the fact by Lemma 5, the sequence {un } and the fucntion u are uniformly 
bounded in W14 (Q), we obtain 


1 1 c 
LN (BH) < =f IVT (ttn)|9dax < af Wane =. 
t Jo t Jo ta 


1 1 C 
L^ (E2) < =| IVT; (u)|1dz < F. |Vul?da < —. 
ta Jo ta Jo ta 


We deduce that for any £ > 0 there exists te > 0 such that 
LY (BE) + L7 (E2) < 7 Vt>te, Vn > 1. (35) 


Note that for a > b > 0,y => 0, we have the following inequality 


T(b—a) 
(1+c)t+7 


< r|b— a| for some c € [b,a]. 


1 1 
or (+6) 


We deduce from (5) and (3) that in E3 


s <|VATk(un) — VaTk(u)| 
7 a(x, VTk(un)) — a(x, VTp(u)) ( 1 1 
(1 + |The (un)|)8@-Y (1+ |Tk(un)|) P) (1+ |Tk(u)|) -8 
<O(p — 1)|Tk (un) — Tk(u)l -BG + |VTk (u) P) 
Ee ifl<p<2 
VTi (un) — VTe(u)|(1-+ [VTi (ttn)] + IV e(u)|)P-2, if p > 2 
<Coj|Te(tin) — Te(u)| + Co(L + tP! + 2-2) (Ti (ttn) — Te(u)| + [VTe(tin) — VTE(4)), 


) ate, VTA) 


which leads to E3 C F} U Fo, with 


F = {j|Tk(un) - Te(w)| > ger} 


Pa = { iltin) = Ta (w)] + VTelun) = VIEW > seep | 


In F}, we have 


2C s 2C 
N _ 200 0 OT 
L” (Fi) = 5 2 oP a a j\Th (Un) — Tr (u)|dz. 


By Lemma 3, we deduce that there exists no = no( S, Co, €) such that 


7 Yn > no. (36) 


For Fo, note that F? C F U F4, with 


S 
P = Teln) -R> eos}, 
S 
Fy = {IVTalun) = VT, (u)| > 4Cy (1 4 ¢p-1 ass}. 
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Using the convergence in measure of VT},(un) to VT, (u) and Tk(un) to T,(u), for t = te, we obtain the existence of 
nı = nı(s,£) > 1 such that 


LY (Fz) < LN (F3) + 0") < =. Yn > n. (37) 


z 
ga 
Combining (35), (36) and (37), we obtain 

LN ({|V aT (un) — VaTklu)| > s}) <£, Vn > max{no, nı}. 


Hence the sequence {V AT (Uun )} converges in measure to V 4T (u) and the lemma follows. a 


3 Proof of the main result 


Now we have gathered all the lemmas needed to prove the existence of an entropy solution to the obstacle problem associated 
with (f, Y, g). In this part, let fn be a sequence of smooth functions converging strongly to f in L1(Q), with || fall < || fl] +1. 
We consider the sequence of approximated obstacle problems associated with (fn, Y, g). 


Proof of Theorem 1 Let v € K; y L°(Q). Taking v as a test function in (7) associated with (fn, Y, g), we get 


a(x, Vun) r—2 
f (+ fun) -D : V (Ti (un = v))da + I blun| UnTi (Un = v)da < f totitun = v)da. 


Since {un — v| < t} C {lun| < s} with s = t + ||v||00, the previous inequality can be written as 


f Xn V AT; (Un) : Voda > f — fnTi lun — v)da + | blun |” unT; (Un — v) da +f Xn VAT: (Un) > VT, (un)dz, 
Q Q Q Q 
(38) 


where Xn = X{ju,—v|<t} and Vau = ih. It is clear that yn — x weakly* in L% (Q). Moreover, Xn converges a.e. 
tO X{ju—v|<t} in Q \ {|u — v| = t}. It follows that 


a 


0, in {ju — v| >t}. 


Note that we have L^ ({]u — v| = t}) = 0 for a.e. t € (0,00). So there exists a measurable set O C (0,00) such that 
LN ({|u — v| = t}) = 0 for all t € (0, 00) \ O. Assume that t € (0,00) \ O. Then Xn converges weakly* in L (Q) and a.e. 
in Q to X = Xf\u—v]<t}- Since VT; (un) converges a.e. to VT, (u) in Q (Proposition 4), we obtain by Fatou’s Lemma 


lim int f XnV ATs (Un) > VT s(n )da > | yV aT (u)- VT5(u)da. (39) 
Q Q 


n— o0 


Using the strong convergence of V 4T,(un) to VaT,(u) in L! (Q) (Lemma 7) and the weak* convergence of Xn to x in 
L®(Q), we obtain 


lim Xn VAT; (un) : Voda = n XV aT, (u) - Voda. (40) 
Moreover, due to the strong convergence of f, to f and |u,|"~?u, to |u|"~?u (by r— 1 < q* and the boundedness of ||w,,|| q+) 
in L'(Q), and the weak* convergence of T;(un — v) to T;(u — v) in L°°(Q), by passing to the limit in (38) and taking into 
account (39)-(40), we obtain 


| VV aT (u) - Voda — f XVaT;(u) - VT, (u)da > f —fT;(u — v)dx +f blul”~2uT;(u — v)da, 
Q Q Q Q 
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which can be written as 


I XV aT,(u)- (Vv — Vu)da > | fT, (u — v)da 4 f bju| uT; (u — v)da, 
{lv—ul<t} Q Q 
or since x = X{ju-vjce) and V(T;(u — v)) = Xuey Vla — v) 
| Vau: VT;(u — v)da + f blul” uT; (u — v)da < | fT; (u — v)dz,V t € (0,00) \ O. 
Q Q Q 


For t € O, we know that there exists a sequence {t,} of numbers in (0,00) \ O such that tg — t due to |O| = 0. Therefore, 
we have 


f Vau: VTi, (u — v)dx +f bju|" uT, (u — v)da < | fT, (u — v)da. (41) 
Q Q Q 


Since V (u — v) = 0 a.e. in {|u — v| = t}, the left-hand side of (41) can be written as 
7 Vau: VTi, (u — v)dz = | X{lu-vl<t,}V au: V(u — v)da. 
Q O\{|u-v|=t} 


The sequence X{ju—v|<t,} Converges tO X{ju—v|<t} a-€. in Q \ {]u— v| = t} and therefore converges weakly* in L° (Q \ {|u— 
v| = t}). We obtain 


lim f Vau- VTi, (u — v)da =) X{lu-vl<t} Vu V (u — v)dax 
mace. O\{|u-v|=t} 
= f X{lu—v|<t} Vu V (u — v)dz 
=| Vau: VT,(u — v)da. (42) 
Q 
For the right-hand side of (41), we have 


< [te — tl- [[fll1 3 0 as k — 00. (43) 


| f fT, (u — v)dz — f fT,(u—v)de 


Similarly, we have 


< |t, — t|- Illul "||, ~ Oas k > ov. (44) 


p ul" Puy, (u - v)dz— | |u|” uT; (u — v)dz 
Q Q 


It follows from (41)-(44) that we have the inequality 
f Vau: VT;(u — v)dz +f bju] uT; (u — v)da < f fTi(u — v)dz, V t € (0,00). 
Q Q Q 


Hence, u is an entropy solution of the obstacle problem associated with (f, Y, g). The dependence of the entropy solution on 
the data f € L! (Q) is guaranteed by Proposition 4. 
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